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Latent Variable Model

A latent variable model defines a joint distribution over observed variables x and unobserved
(latent) variables z

p(x,2) = p(x|z)p(2)
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Latent Variable Model

A latent variable model defines a joint distribution over observed variables x and unobserved

(latent) variables z
p(x,2) = p(x|2)p(2)

o Marginal Likelihood is the probability of observing
the data that we want to maximize.

p(x) = [ plxiz)p(2)dz

o For a dataset of N observations:

log p(X) = Zlogp “)—Zlog [ pe1)p()dz
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Latent Variable Model

A latent variable model defines a joint distribution over observed variables x and unobserved
(latent) variables z

p(x.2) = p(x|2)p(z)

o Marginal Likelihood is the probability of observing
the data that we want to maximize.

p(x) = [ plxiz)p(z)dz p(z)

@ For a dataset of N observations: Z

log p(X) = Zlogp (’))*Zlog/ (x2)p(2)dz \

Typically the observations comes from a high dimensional
distribution (ex. images, text,...) and the latent variables /

are assumed to be lower dimensional and from a tractable /
distribution for applications like:
o Dimensionality Reduction.
o Generative modeling (by sampling from the latent
distribution): Latent Variable Model
z ~ p(x)
x ~ p(x2)
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Latent Variable Model - Challenge

Challenge: p(z)
o Maximizing directly the marginal likelihood requires

estimating the posterior distribution p(z|x)

V4
‘\
Vg log po(x) = VZ:(GX()X) = fveﬁz((:)’ QLN \I
—_ fPe(Xv Z)VG log pg(X,Z)dZ (2) p(X|Z) / p(Z|X)
N pg(X) /I

= [ mGExvaogpix ez (3)

Vgrg(x.2)

Using the identity: Vg log pg(x,z) = AT
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Latent Variable Model - Challenge

Challenge:

o Maximizing directly the marginal likelihood requires
estimating the posterior distribution p(z|x)

Vopo(x) _ [ Vops(x,z)dz

Vo log pp(x) = (4)
Po(x) Po(x) z
[ pa(x,2)Vg log pg(x,z)dz
= (5) »
po(x) \
\
= [ piVoospiedz  © ) 1p(zx)
Using the identity: Vg log pg(x,2z) = % /,

@ The process of estimating the posterior is called
inference and it is hard in general as it requires the
computation of the inegral of the joint distribution
over an infinite number of configurations of z
Latent Variable Model

p(x,z) _ p(x,z)
) Trlx2)dz @)

P(z|x) =
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Variational Inference

Variational inference (VI) turns the task of finding the posterior distribution into an optimization
problem: g4(z|x) = po(z|x)

@ The idea is to approximate the exact posterior with an approximate posterior g

@ It should be easy to sample from the approx. posterior and to optimize wrt the parameters ¢

@ What is the optimization objective? It should be related to the original marginal likelihood
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Variational Inference: the Evidence Lower Bound

For any g4(z) it holds the following (using Jensen Inequality):

log pg(x) = |°g/pe(x, z)dz (8)
= tog [ ()220 (©)
Z/%(Z) log %dz (10)
= Eqo [l 20| (1)

Using the variational posterior g4(z), we obtain the ELBO:

po(x, z):|
q4(z[x)

Lo,5(x) = Eq, 2% {log
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Rewriting the ELBO

The ELBO can be rewritten as the difference of two tractable terms:

ﬁg’d)(x) S ]Eq¢(z|x) IOg %] (12)
= Eq, (21 [log po ()] + Eq,, (2]x) {log qp:sijlz” (13)
= log pg(x) — KL(qe(z|x)||pe(z[x)) (14)

The Kullback—Leibler divergence between two distributions is defined as:

KL(a(2)lIP(2)) = Eq(z) {'°g %]

Maximizing the ELBO wrt to the variational parameters is equivalent to fitting the variational
posterior to the true posterior
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Variational Auto-Encoders

A Variational Autoencoder parametrizes the approximate posterior with an encoder neural
network and the likelihood with a decoder neural network

Encoder ]
as(z|z) | |~
T p(z) = N(0,I) .

VAE Architecture: Input — Encoder — Latent Space — Decoder — Output

The following formulation is used to train a VAE by maximizing the ELBO:
£0,¢ = ]Ez~q¢(z|x) [|Og pg(X|Z)] - KL(q¢(Z|X)Hp(Z))

For a dataset of N observations the loss becomes:

N
DBy, oy 108 o (x12)] = KL(q6 (21x7)[p(2))
i=1
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Variational Auto-Encoders - Implementation

In practice:
qo(2lx) = N(pg(x), diag(o5(x)))

d
KL(a0 (2 1p(2)) =~ S (1 + log(0) — 122 ~ o7)
j=1

1 D
By e 108 90 (X2)] = By [ 507 1k — o @)I* — 3 log(ma)
It is not possible to sample directly from g4(z|x), so we use the reparametrization trick:
z=py(x) +0s(x) O€, e~N(0,/)

Full Derivation: https://stats.stackexchange.com/questions/318748/
deriving-the-kl-divergence-loss-for-vaes/370048#370048
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Convolutional Neural Networks (CNNs)

Convolution Operation

Cin  kx k)/

Zh=o |23 > WS:J Granjrs T Bag

I=1 a=1p=1

@ e
O O}

for 1 <m< Cour, 1< i< Wour, 1 <j < Houe |

1124
12[22[52

output
feature
maps

element wise
addition

1.4]24]3:

() sealar product

input feature maps

Convolution Operation with Filter Kernel

A CNN is a sequence of convolutional layers and non linear activation functions

The convolution operation applies filters (kernels) across the input to produce feature maps, with
each filter detecting specific patterns or features in the data.
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Pooling in CNNs

Max Pooling

Pooling is used in CNN to reduce the feature Activation Map 20 .
Mo Pooling: - - JE] | BEe 2
Max Pooling: Takes the maximum value in each ,'

- Il
Average Pooling: Takes the average value in B I
each pooling window .. 37 : Average Pooling

A Convolutional Encoder Network can be ‘ » | 12 . .
)

designed using Convolution and Pooling
operators (and flattening). .

pooling window

. . . Max Pooling vs Average Pooling
Typical CNN architecture progression:

Input - CONV — ReLU — POOL — CONV — ReLU — POOL — ... — FC
The combination of convolution and pooling

layers allows the network to learn hierarchical
features while reducing spatial dimensions.

Input Convolution, Pool, Convalution, Poal, Hidden  Output

Convolutional Encoder Network
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Tutorial in PyTorch: VAE for Topology Optimization

In this tutorial you will learn:

o How to implement a simple VAE in PyTorch to process images and reconstruct different
topologies.

@ How to implement a Convolutional Neural Net in PyTorch in the form of a VAE.

@ How to use VAE for generative modeling and data exploration.

You can find the Notebooks in the Github repository: https://github.com/jomorlier/IA4SM
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